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approaches linear case nonlinear case conclusionsstate of the art

motivation

goal:

ultimate goal:

how:

input: biomedical imaging provides efficient techniques for the collection of a large 
amount of data

use these data to have an accurate approximation of 
the blood flow in the vessel

prediction of the occurrence of diseases in patients
estimate the reliability of our results

including the data in the numerical simulations combining measurements and 
dynamic principles governing the system
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motivation

goal:

ultimate goal:

how:

observed data + mathematical model = Data Assimilation (DA)

input:

Source: Dr. Brummer, Emory CHOA

biomedical imaging provides efficient techniques for the collection of a large 
amount of data

use these data to have an accurate approximation of 
the blood flow in the vessel

prediction of the occurrence of diseases in patients
estimate the reliability of our results

including the data in the numerical simulations combining measurements and 
dynamic principles governing the system



step  -1 state of the art of Data Assimilation techniques  - briefly

step   0 choice of the most suitable approach
presentation of proposed methods
introduction of the problem at hand
comparison of numerical results

outline
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step  -1 state of the art of Data Assimilation techniques  - briefly

step   0 choice of the most suitable approach
presentation of proposed methods
introduction of the problem at hand
comparison of numerical results

step   1 Discretize-Optimize (DO) approach for linear problems (Stokes, Oseen)
formulation
numerical results

step   2 DO iterative  approach for nonlinear problems (Navier-Stokes)
formulation

numerical results on 2D curved domains

step   3 conclusions, current and future work

outline
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data: sparse, irregularly distributed and noisy

governing principles:  known and described by a mathematical model

history : ÆÉÒÓÔÌÙ ÉÎÔÒÏÄÕÃÅÄ ÉÎ ÔÈÅ ΫΦȭÓ ÉÎ ÆÌÕÉÄ ÇÅÏÐÈÙÓÉÃÓ
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data: sparse, irregularly distributed and noisy

governing principles:  known and described by a mathematical model

Ȱ!ÎÁÌÙÓÉÓȱ
Interpolation 

Estimation Theory  
Kalman-type techniques

Control Theory (CT) 
Stochastic techniques  

Dynamic 
relaxation

history : ÆÉÒÓÔÌÙ ÉÎÔÒÏÄÕÃÅÄ ÉÎ ÔÈÅ ΫΦȭÓ ÉÎ ÆÌÕÉÄ ÇÅÏÐÈÙÓÉÃÓ

time
line
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data: sparse, irregularly distributed and noisy

governing principles:  known and described by a mathematical model

Ȱ!ÎÁÌÙÓÉÓȱ
Interpolation 

Estimation Theory  
Kalman-type techniques

Control Theory (CT) 
Stochastic techniques  

Dynamic 
relaxation

meteorology: DA used for finding the optimal initial condition

biomedics:      ÅÓÔÉÍÁÔÉÏÎ ÏÆ ÍÏÄÅÌÓȭ ÐÁÒÁÍÅÔÅÒÓ ÉÎ  ÅÌÅÃÔÒÏÃÁÒÄÉÏÌÏÇÙ
estimation of blood flow with control on the initial condition

history : ÆÉÒÓÔÌÙ ÉÎÔÒÏÄÕÃÅÄ ÉÎ ÔÈÅ ΫΦȭÓ ÉÎ ÆÌÕÉÄ ÇÅÏÐÈÙÓÉÃÓ

time
line

nowadays: availability of ÅÆÆÉÃÉÅÎÔ 0$%ȭÓ ÓÏÌÖÅÒÓ ÁÎÄ ÎÕÍÅÒÉÃÁÌ ÔÅÃÈÎÉÑÕÅÓ ÆÏÒ ÔÈÅ ÓÏÌÕÔÉÏÎ ÏÆ  
optimization problems: choice of CT approaches
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state of the art



notations :

approaches linear case nonlinear case conclusionsstate of the art

formulation

Source: Dr. Brummer

vessel domain                         with  boundaries             ,              ,                   

data , vector of measured velocites on sites                        

variables               u , p



notations :

state equations:
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formulation

(S)          
Source: Dr. Brummer

vessel domain                         with  boundaries             ,              ,                   

data , vector of measured velocites on sites                        

variables               u , p



notations :

state equations:

data assimilation:
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formulation

find h* s.t.               

(S)          

under the constraint of  (S)

Source: Dr. Brummer

vessel domain                         with  boundaries             ,              ,                   

data , vector of measured velocites on sites                        

variables               u , p
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looking for the best approach

we propose 4 approaches for the Stokes 
problem with unknown boundary condition on *
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1. Matrix Updating (MU)
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looking for the best approach

we propose 4 approaches for the Stokes 
problem with unknown boundary condition on *

splitting methods:

0

S,f discretization matrix and        
rhs for the problem (S)

c coefficient in  (0, 1)

i cd

f
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looking for the best approach

we propose 4 approaches for the Stokes 
problem with unknown boundary condition on *

splitting methods:

2. Domain splitting  (DS)

0

S,f discretization matrix and        
rhs for the problem (S)

c coefficient in  (0, 1)

1 2 3

d d d ddddd

solve problem (S) oblein 1,2,3 separately with

Dirichlet boundary conditions

i cd

f
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looking for the best approach

control methods

3. Optimize then Discretize (OD): given,

s.t.
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looking for the best approach

control methods

3. Optimize then Discretize (OD): given,

s.t.

solve the system of necessary conditions induced by the Lagrangian 

state

adjoint

residual
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looking for the best approach

control methods

3. Optimize then Discretize (OD): given,

s.t.

solve the system of necessary conditions induced by the Lagrangian 

upon discretization (with Finite Elements method) 
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looking for the best approach

control methods

4. Discretize then Optimize (DO): given,

s.t.
selection matrix:
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looking for the best approach

control methods

4. Discretize then Optimize (DO): given,

solve the system of necessary conditions induced by the Lagrangian 

s.t.

state

adjoint

residual

selection matrix:

Stokes matrix:
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looking for the best approach

control methods

4. Discretize then Optimize (DO): given,

solve the system of necessary conditions induced by the Lagrangian 

s.t.

state

adjoint

residual

by using the Reduced Hessain method, 

reduced hessian sensitivity matrix

selection matrix:

Stokes matrix:



dd
x= 1 x= 2.5 x= 4x= 0

d d
software - FreeFem++

toy problem: Poiseuille flow
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mesh generation:


