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Abstract. The reliability of computer simulations of physical events
or of engineering systems has emerged as the single most critical issue
facing advancements in computational engineering and science. Without concrete and quantiﬁable measures of reliability, the conﬁdence and
usefulness of computer predictions are severely limited and the value of
computer simulation, in general, is greatly diminished. This paper describes a mathematical and computational infrastructure for the systematic validation of computer simulations of complex physical systems and
presents procedures for the integration of computer-based veriﬁcation
and validation processes into simulations. A general class of applications
characterized by variational boundary-value problems in continuum mechanics is considered, but the approach is valid for virtually all types
of models used in simulations. To simulate a particular feature or attribute of a physical event, four basic concepts are used: 1) hierarchical
modeling and a posteriori estimation of modeling error, 2) a posteriori
error estimation of approximation error, 3) quantiﬁcation of uncertainty
in the data and in the predicted response, and 4) the development of
dynamic a data management paradigm, based on code composition of
associated code interfaces and use of annotated source code. The result
is a computational framework for computing bounds on, and estimating accuracy of, computer predictions of user-speciﬁed features of the
response of physical systems.

1

Introduction

The systematic study of reliability of computer simulations of physical phenomena is generally divided into two basic processes,Veriﬁcation and Validation (V
and V). As a scientiﬁc discipline, V and V is in its very early stages of development. Veriﬁcation is the process of determining the accuracy with which a
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given mathematical model of physics is solved; validation is the process of determining that the mathematical model represents the actual physical system
with suﬃcient accuracy. Here veriﬁcation does not include software engineering
issues of the logical correctness of the program which implements the simulations
(this is so-called code veriﬁcation). Veriﬁcation is thus concerned with estimating and controling numerical approximation error. In recent years, signiﬁcant
progress has been made in this area (see Ainsworth and Oden [1], Babuska and
Strouboulis [3], Oden and Prudhomme [17], Becker and Rannacher [9]).
Validation, until recently, has been primarily an experimental process in
which data from physical observations are compared with computer simulations.
The notion of hierarchical modeling provides a mathematical structure that can
be useful in directing validation studies. In this structure, a class of models of
events of interest is deﬁned in which a “ﬁne” model is identiﬁed which possess
a level of sophistication believed to be high enough to adequately capture the
event of interest with good accuracy. This model, however, may be intractable.
The complexity of this model, may be such that one cannot solve it, even computationally. We then identify (families of) coarse models which are solvable.
Using the ﬁne model as a datum, the error in the solution of coarse models can
be estimated and controlled, with the goal of obtaining a model best suited for
the simulation goal at hand.
Physical data must be collected to characterize the ﬁne model, and this must
be furnished by data generated in actual laboratory tests. In general, these data
will exhibit scatter (uncertainty) – and the basic ﬁne-model data are then random functions. Thus the validation process is complicated by the fact that the
models themselves are stochastic.
In the sections to follow, we outline brieﬂy the program components that
need to be integrated to produce a V and V computational system.

2

Problem Deﬁnition

As a representative physical situation, we consider a heterogeneous solid body D
occupying a region in R3 and heated along its boundary ∂D and subject to an
internal heat source b − σu, u being the temperature ﬁeld, b the heat supplied
per unit volume and σ > 0 a reaction coeﬃcient. The ﬁne mathematical model
is characterized by the equations,
−divA∇u + σu = b in D
n · A∇u = g on ∂D

(1)

g being a prescribed heat ﬂux and n a unit exterior normal. While the temperature ﬁeld u is governed by this system, we are speciﬁcally interested in predicting
certain features of the event, for instance, the temperature or the heat ﬂux at a
point x0 in direction ν interior to D. These quantities of interest are functionals
on u; e.g.
Q(u) = u(x0 ) or Q(u) = ν · A(x0 )∇u(x0 )
A weak form of this problem is

(2)
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Find u ∈ V such that
B(u, v) = F (v)

∀v ∈ V

where V is an appropriate space of admissible functions, and

B(u, v) =
(A∇u · ∇v + σuv) dx
D

F (v) =
bv dx +
gv ds
D

387

(3)

(4)

∂D

Problem (2) (or, equivalently, (1)) is, in general, intractable. Typical complications that make it impossible or infeasible are:
1) the coeﬃcient (thermal conductivity) A is a highly oscillatory function
characterizing rapid oscillatory variations of mechanical properties at scales
much smaller than the characteristic dimensions of D, and
2) the laboratory data needed to characterize A exhibit much scatter and,
therefore, A is a random function (the data σ, b, and g may also be random).
This uncertainty in the data must be quantiﬁed in some sense. Thus, it is desirable to develop statistical information suﬃcient to determine the probability
density function (PDF) p for A, the variances, covariance, etc.
If p is
 ∞the PDF, the mean or expected value of the random function f is
E[f ] = −∞ pf dω. The solution u of (1) is, in this case, a random ﬁeld, u =
u(x, ω), x ∈ D and ω ∈ Ω, Ω being an appropriate set of elementary events.
Then, instead of (4), we use

B̄(u, v) =
E[A∇u · ∇v + σuv] dx
(5)
D

u, v ∈ V × W , W being a probability measure space.

3

Coarse and Discrete Models

Consistent with the theory of hierarchical modeling, we replace (2) by a simpliﬁed
or coarse model,
u0 ∈ V :
where

B0 (u0 , v) = F (v) ∀ v ∈ V

(6)


(A0 ∇u0 · ∇v + σu0 v) dx

B0 (u0 , v) =

(7)

D

Here A0 is an eﬀective thermal conductivity of the material obtained through
homogenization methods and, for the purpose of this example, is assumed to
be deterministic. The coarse model prediction of the quantity (or quantities) of
interest is Q(u0 ).
In general, problem (7) is also intractable, but it can be solved approximately
using numerical techniques such as ﬁnite elements. Thus, let V h be a member
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of a family of ﬁnite dimensional subspaces of V . We seek an approximation uh0
of u0 satisfying
uh0 ∈ V h :

B0 (uh0 , v) = F (v) ∀ v ∈ V h

(8)

Now, summing up our sources of error, we see that the error on the quantity of
interest Q(u) is,
Q(u) − Q(uh0 ) = Q(u) − Q(u0 ) + Q(u0 ) − Q(uh0 )






modeling error

approaximation error

(9)

= εmod + εapprox
Estimating and controling the error component εmod is regarded as validation process (or as an aide to validation considerations), while controling εapprox
is a veriﬁcation process. A general theory for controling this type of modeling
error in quantities of interest Q through a posteriori error estimation and adaptive modeling has been developed by Oden and Prudhomme [19,17], and Oden
and Vemaganti [15,16]. Techniques for deriving a posteriori error estimates for
εapprox and goal-oriented adaptive meshing have been advanced by Babuska and
Strouboulis [3], Oden and Prudhomme [18,19], Rannacher, Becker and others [9].
Thus we assume that using the data available, it is possible to obtain computable
lower and upper bounds on these components:
upp
γ low
mod ≤ εmod ≤ γ mod ,

upp
γ low
appox ≤ εapprox ≤ γ approx

(10)

Averages of these bounds can yield estimates of the errors (e.g. εmod ≈ 12 (γ low
mod +
γ upp
)).
If
these
estimated
errors
exceed
preset
tolerances,
the
errors
must
be
mod
reduced by adaptive meshing (for εapprox ) (see [17]) and adaptive modeling (for
εmod ).
Another source of error relevant to validation is due to the randomness of the
coeﬃcients A. There are several approaches available to quantify this error. One
direct approach is provided by the perturbation method described by Kleiber
and Hien [14], which, for a ﬁrst order approximation, takes the form
A(x, ω) = Ā(x) + εA1 (x, ω),

u(x, ω) = ū(x) + εu1 (x, ω)

(11)

Ā and ū being mean values of A and u. Then one treats ﬁrst the deterministic
ﬁne problem (1) with the forms (4), involving Ā instead of A and ū instead of u.
Then Q(u) = Q(ū) + εQ(u1 ). The random ﬁeld Q(u1 ) is completely characterized in a stochastic sense, once the probability ﬁeld of A(x, ω) is provided and
deterministic component ū is known. Bounds on the truncation error inherent
in the perturbation (11) can be calculated and used as additional measure of
the modeling error [4]. The second approach is based on the theory of stochastic
functions characterized by Karhunen-Loève expansion (see [5,11,6]). In [7], the
problem of determination of the Karhunen-Loève expansion from experimental data is described. A brief survey [8] of the mathematics of veriﬁcation and
validation is presented when the experimental data [2] are used.
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The Integration of Computational Components

Separate codes are written or are available for the component error estimations and adaptivity. The integration of these modules requires a major new
dynamic data structure innovation to coordinate a component-oriented code development process, and requires a dynamic scaling of common data structures.
An integrated compiler and runtime system is being developed to compose appropriate components and map data structures across interfaces (see [10,12,13]).
Annotations of source code is to be used to guide compilation and enable interfacing diﬀerent data structures. Diﬀerent computational models provide for the
speciﬁcation of associative interfaces and the annotation language. The essential
integration components are as follows:
1) Experimental data are collected to fully characterize the ﬁne model, including statistics to give bounds on the data or PDF’s and covariance matrices.
2) Quantities (or a quantity) Q of interest are (is) speciﬁed as the target physical entity to be predicted in the simulation (perhaps in the form of probability
of the predicted values of the quantity).
3) The coarsest model is used to extract a preliminary estimate of Q and
modeling and approximation errors are computed.
4) If the estimated error exceeds the prescribed tolerance, the model is enhanced and the calculation is repeated, each time adapting the computational
model to reduce εapprox until a model yielding results within the preset bounds
is obtained.
5) The truncation error of the perturbation expansion is estimated; if the
total error exceeds a preset tolerance, the data set and the ﬁne model deﬁnition
must be updated. If not, the predicted Q and the probability that it will takes
on values in a given interval are produced as output.
In the absence of suﬃcient data to adequately characterize the random data
ﬁelds, a worse-case analysis can be done giving upper and lower bounds on the
predicted values.
The implementation of this and related algorithms is underway and will be
the subject of forthcoming reports.
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2. Babuška, I., Jerina, K., Li, Y., Smith, P.: Quantitative Assessment of the Accuracy
of Constitutive Laws for Plasticity with Emphasis on Cyclic Deformation. Material Parameter Estimation for Modern Constitutive Equations. MD-Vol.43/AMDVol.168 ASME (1993)

390

J.T. Oden et al.
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